The remarkable phenomenon of catalyst tells us that adding a catalyst could help state transformation. In this paper, we consider the problem of catalyst-assisted probabilistic coherence distillation for mixed states under strictly incoherent operations. To this end, we first present the necessary and sufficient conditions for distilling a target pure coherent state from an initial mixed state via stochastic strictly incoherent operations and the maximal probability of obtaining the target pure state from the initial state. With the help of these results, we present the necessary and sufficient conditions for the existence of a catalyst that increases the maximal transformation probability.
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I. INTRODUCTION
Quantum coherence is a fundamental quantum resource of quantum physics, describing the capability of a quantum state to exhibit quantum interference phenomena. It is an essential component in quantum information processing [1] , and plays a central role in emergent fields, such as quantum computing [2, 3] , quantum cryptography [4] , quantum metrology [5, 6] , and quantum biology [7] . Hence, the resource theory of coherence has attracted a growing interest due to the development of quantum information science in recent years [8] [9] [10] [11] [12] . For a quantum resource theory, there are two fundamental ingredients: free states and free operations [13] [14] [15] . With regards to the resource theory of coherence, the free states are quantum states which are diagonal in a prefixed reference basis. There is no general consensus on the set of free operations in the resource theory of coherence. Based on various physical and mathematical considerations, several free operations of coherence were presented [12] . Here, we focus our attention on the strictly incoherent operations which was given in Ref. [16] . It was shown that the strictly incoherent operations neither create nor use coherence and have a physical interpretation in terms of interferometry in Ref. [17] . Thus, the strictly incoherent operations are a physically well-motivated set of free operations for coherence and a strong candidate for free operations.
When we perform a quantum information processing task, it is usually the pure coherent states playing the central role [1] . Unfortunately, as a quantum system is unavoidably affected by noise, a pure state easily becomes a mixed state. Thus, a central problem in the resource theory of coherence is the coherence distillation, i.e., the process that extracts target pure coherent states from initial mixed states via incoherent operations. Recently, this problem has generated a great deal of interest [16, [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . The coherence distillation of mixed states via various incoherent operations was studied in the asymptotic limit in Refs. [16, 18, 19] . Another scheme, the scheme of one-shot coherence distillation, i.e., the pro- * zhoudl72@iphy.ac.cn cess that extracts pure coherent states from mixed states via various incoherent operations in the nonasymptotic limit, was proposed in Refs. [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . When we consider the strictly incoherent operations, it shows that, for a class of mixed states, it can never be transformed into a target pure state via strictly incoherent operations with certainty or with high probability [18, 19, 25, 28] . Thus, an important problem is that how to increase the transformation probability in this situation.
Inspired by the catalyst-assisted transformations in the resource theory of quantum entanglement [29] [30] [31] [32] , catalystassisted coherence transformations for pure states [33, 34] was proposed as an efficient method to increase the transformation probability of coherence distillation. Specifically, if the initial state and the target state are all pure states, they show that an appropriately chosen catalyst can increase the maximal transformation probability and they present the necessary and sufficient conditions for the existence of a catalyst that can increase the maximal transformation probability. However, in practical applications, because a quantum system is unavoidably affected by its environment, we would expect to deal with the coherence distillation of mixed states rather than with pure states. Therefore, an immediate question arises: With the help of coherence catalysts, can we increase maximal transformation probability of coherence distillation for the initial states being mixed states? In other words, for the initial states being mixed states, what are the necessary and sufficient conditions for the existence of a catalyst that can increase the maximal transformation probability of coherence distillation?
In this work, we address the above question by considering the problem of catalyst-assisted probabilistic coherence distillation for mixed states under strictly incoherent operations. To solve this problem, we divide our discussions into three steps. In the first step, we present the necessary and sufficient conditions for distilling a target pure coherent state from an initial mixed state via stochastic strictly incoherent operations. In the second step, we present the maximal probability of obtaining the target pure state from the initial state. In the last step, we present the necessary and sufficient conditions for the existence of a catalyst that can increase the maximal transformation probability. This paper is organized as follows. In Sec. II, we recall some notions of the quantum resource theory of coherence.
In Sec. III, we present the necessary and sufficient conditions for the existence of a catalyst that can increase the maximal transformation probability. Section IV is our conclusions.
II. RESOURCE THEORY OF COHERENCE
Let H be the Hilbert space of a d-dimensional quantum system. A particular basis of H is denoted as {|i , i = 1, 2, · · ·, d}, which is chosen according to the physical problem under discussion. Coherence of a state is then measured based on the basis chosen. Specifically, a state is said to be incoherent if it is diagonal in the basis. Any state which cannot be written as a diagonal matrix is defined as a coherent state. For a pure state |ϕ , we will denote |ϕ ϕ| as ϕ, i.e., ϕ := |ϕ ϕ|.
Next, let us recall strictly incoherent operations [16, 17] . A strictly incoherent operation is a completely positive tracepreserving map, expressed as
where the Kraus operators K n satisfy not only n K † n K n = I but also K n IK † n ⊂ I and K † n IK n ⊂ I for K n , i.e., each K n as well K † n maps an incoherent state to an incoherent state. Here, I represents the set of incoherent states. There is at most one nonzero element in each column (row) of K n , and such a K n is called a strictly incoherent Kraus operator. With this definition, it is elementary to show that a projector is an incoherent operator if and only if it has the form P α = i∈α |i i| with α ⊂ {1, ..., d}. In what follows, we will denote P α as strictly incoherent projective operators. The dephasing map, which we will denote it as ∆(·), is defined as ∆(ρ) = d i=1 |i i|ρ|i i|. With the aid of strictly incoherent operations, we then recall the notion of stochastic strictly incoherent operations [25] . A stochastic strictly incoherent operation is constructed by a subset of strictly incoherent Kraus operators. Without loss of generality, we denote the subset as {K 1 , K 2 , . . . , K L }. Otherwise, we may renumber the subscripts of these Kraus operators. Then, a stochastic strictly incoherent operation, denoted Λ s (ρ), is defined by
where
Clearly, the state Λ s (ρ) is obtained with probability P = Tr( L n=1 K n ρK † n ) under a stochastic strictly incoherent operation Λ s , while the state Λ(ρ) is fully deterministic under a strictly incoherent operation Λ.
A functional C can be taken as a measure of coherence if it satisfies the four postulates [10] [11] [12] 17] : (C1) the coherence being zero (positive) for incoherent states (all other states); (C2) the monotonicity of coherence under strictly incoherent operations; (C3) the monotonicity of coherence under selective measurements on average; and (C4) the nonincreasing of coherence under mixing of quantum states. In accordance with the general criterion, several coherence measures have been put forward. Out of them, we recall the following coherence measures, which are considered in this work. The coherence rank C r [16, 35] of a pure state (not necessarily normalized), |ϕ = R i=1 ϕ i |i with ϕ i 0, is defined as the number of terms with ϕ i 0, i.e., C r (ϕ) = R. For an arbitrary pure state |ϕ = d i=1 ϕ i |i , we define C l (|ϕ ) = d i=l |ϕ i | 2 , with l = 1, 2, · · · , d and |ϕ 1 | ≥ · · · ≥ |ϕ d |. These measures were put forward in Ref. [34] .
III. CATALYST-ASSISTED PROBABILISTIC COHERENCE DISTILLATION FOR MIXED STATES
We start by specifying the notion of catalyst-assisted probabilistic transformation under stochastic strictly incoherent operations. For a given initial state ρ and a target state ϕ, we denote the maximal probability of obtaining the state ϕ from ρ by means of stochastic strictly incoherent operations as P max (ρ → ϕ), i.e.,
with Λ s (ρ) ∝ ϕ. With the notion of P max (ρ → ϕ), we say that the transformation from ρ to ϕ can be enhanced by using a catalyst if there exists some catalyst c such that
Otherwise, we say that the maximal transformation probability P max (ρ → ϕ) cannot be increased via catalysts.
To give the necessary and sufficient conditions for the existence of a catalyst that can increase the maximal transformation probability, we present our result as the following three steps.
First, we present the necessary and sufficient conditions for distilling a target pure coherent state from an initial mixed state via stochastic strictly incoherent operations.
We state the condition as the following Theorem. Theorem 1. One can distill a target pure coherent state ϕ with its coherence rank C r (ϕ) = m ≤ d from an initial coherent state ρ via a stochastic strictly incoherent operation Λ s if and only if there exists an incoherent projective operator P such that
with the coherence rank of ψ being n(≥ m). We now prove the theorem. For the if part, we have to show that if the state ρ fulfills the condition in the theorem, i.e., Eq. (5), then we can always construct an explicit stochastic strictly incoherent operation such that Λ s (ρ) = ϕ.
To this end, by using the condition in Eq. (5), we can obtain an incoherent projective operator P such that PρP Tr(PρP) = ψ with the coherence rank of ψ being equal to or greater than that of ϕ. Without loss of generality, we assume that there is |ϕ = m i=1 ϕ i |i with |ϕ 1 | ≥ |ϕ 2 | ≥ · · · ≥ |ϕ m | > 0. Furthermore, we assume that |ψ = U n i=1 ψ i |i , where U is a permutation matrix such that there is |ψ 1 | ≥ |ψ 2 | ≥ · · · |ψ n | > 0. Then, the stochastic strictly incoherent operation Λ s can be chosen as
where K = k diag (a 1 , a 2 , · · · , a n ) U † P, with a i = ϕ i ψ i for all i = 1, · · · , n and k being a complex number for guaranteeing |k| ≤ Next, we show the only if part of the theorem, i.e.; if we can distill ϕ from ρ via a stochastic strictly incoherent operation, then there exists an incoherent projective operator P such that PρP Tr(PρP) = ψ with the coherence rank of ψ being equal to or larger than that of ϕ.
First, we show that when we want to judge whether there exists a stochastic strictly incoherent operation such that Λ s (ρ) = ϕ, we only need to consider the stochastic strictly incoherent operation with the form of
To this end, on the one hand, we assume that we can distill a given pure coherent state ϕ from ρ via a stochastic strictly incoherent operation Λ s , i.e.,
Then, since pure states are extreme points of the set of states, there must be K n ρK † n Tr(K n ρK † n ) = ϕ for all n = 1, ..., L. On the other hand, we note that
Tr(K n (ρ)K † n ) is also a stochastic strictly incoherent operation. Thus, we obtain that if we can distill ϕ from ρ via Λ 1 s (ρ), then there exists a stochastic strictly incoherent operation such that Λ s (ρ) = ϕ.
Second, we show that if we can distill a pure state ϕ from a state ρ via a stochastic strictly incoherent operation, there must be PρP
with the coherence rank of ψ being equal to or larger than that of ϕ.
To this end, let us recall the structure of the strictly incoherent Kraus operator [28] . From the definition of the strictly incoherent Kraus operator, we obtain that any strictly incoherent Kraus operator K can always be decomposed into K = P π K ∆ P, where the operator P π is a permutation matrix, K ∆ = diag(a 1 , ..., a n , 0, 0, ...) is a diagonal matrix with a i 0, and P is a projective operator corresponding to K ∆ , i.e., P = diag(1, ..., 1, 0, 0, ...). By using K = P π K ∆ P and Eq.
(7), we then obtain that
Without loss of generality, we assume that there is PρP = p α p α ϕ α , with p = Tr(PρP). Thus, we immediately obtain that
Again, by using the fact that pure states are extreme points of the set of states, we then get that
= ϕ or 0,
for all ϕ α , where 0 is a square matrix with all its elements being 0. Here, we should note that P π K ∆ ϕ α K † ∆ P t π cannot be 0 at the same time. This means that there is PρP Tr(PρP) = ψ. Next, by using the result presented in Refs. [16, 34, 36, 38] , we can obtain that a pure state ψ can be transformed into a given pure coherent state ϕ via a stochastic strictly incoherent operation if and only if the coherence rank of ψ is equal to or greater than that of ϕ. By using this result and the fact that Λ 1 s (ρ) is a strictly incoherent operation, we immediately obtain that the coherence rank of ψ is equal to or larger than that of ϕ.
This completes the only if part of the theorem. Second, we present the maximal probability of obtaining the target pure state ϕ from the initial state ρ by using stochastic strictly incoherent operations.
Before going further, we give the definition of pure coherent-state subspace. If there is an incoherent projector P such that P µ ρP µ Tr(P µ ρP µ ) = ψ µ with the coherence rank of ψ µ being n, then we say that ρ has an n-dimensional pure coherentstate subspace. Specifically, the maximally pure coherentstate subspaces of ρ means that the coherence rank of ψ µ , i.e., the rank of the corresponding P, cannot be enlarged.
From Theorem 1, to obtain P max (ρ → ϕ), we should solve the problem of how to identify the pure coherent-state subspaces of a mixed state. We can solve this problem with the aid of
which was given in Ref. [25] . Here, for ρ = i j ρ i j |i j|, |ρ| = i j |ρ i j ||i j| and (∆ρ) − 1 2 is a diagonal matrix with elements (∆ρ)
It is straightforward to show that all the elements of A are 1 if and only if ρ is a pure state [25] . From this, we obtain that, if there is an n-dimensional principal submatrices A µ of A with all its elements being 1, then the corresponding subspace of ρ is an n-dimensional pure coherent-state subspace. By using this result, one can easily identify the pure coherentstate subspaces of ρ. We denote the principal submatrices A µ corresponding to the maximally pure coherent-state subspaces as the maximally dimensional principal submatrices of A. Let the corresponding Hilbert subspaces of principal submatrices A µ be H µ , which is spanned by {|i 1 µ , |i 2 µ , · · · , |i n µ } ⊂ {|1 , |2 , · · · , |d }. Then, the corresponding incoherent projective operators are P µ = |i 1 µ i 1 µ | + |i 2 µ i 2 µ | + · · · + |i n µ i n µ |. Performing {P µ } on the state ρ, we obtain {ψ µ }, i.e., P µ ρP µ Tr(P µ ρP µ ) = ψ µ .
Equipped with the above notions and Theorem 1, we can present the following Theorem 2.
Theorem 2. The maximal probability of obtaining a target coherent state ϕ from an initial state ρ via stochastic strictly incoherent operations is
where ψ µ correspond to the maximally pure coherent-state subspaces of ρ.
We now prove the theorem. From Theorem 1, we obtain that if we want to get a target coherent state ϕ from an initial state ρ via stochastic strictly incoherent operations, we only need to consider the pure coherent-state subspaces of ρ.
First, we show that, to obtain P max (ρ → ϕ), we only need to study the maximal pure coherent-state subspace of ρ.
To this end, according to the result in Refs. [36] [37] [38] [39] , we can get that
Then, for all ψ, ψ ′ ∈ H and p ∈ [0, 1], we may assume that 1 ≤ l ≤ 2n and
Then, there exist l ψ ≤ n and l ψ ′ ≤ n such that C l (pψ
where ψ ⊕ 0 and ψ ′ ⊕ 0 means that we append extra zeros to obtain l-dimensional matrices, respectively.
Second, we show that the maximal transformation probability is
.
From Theorem 1 and the above discussions, we obtain that
where p µ = Tr(P µ ρP µ ). Then, from Eq. (12), we immediately obtain
This completes the proof of the theorem. By the way, we would like to point that the results of Theorem 1 and Theorem 2 are a generalization of the result in Ref. [28] , which provided the conditions for the transformation from ρ into ϕ with certainty. Furthermore, we note that the phenomenon of bound coherence under strictly incoherent operations was uncovered in Refs. [18] [19] [20] , i.e., there are coherent states from which no coherence can be distilled via strictly incoherent operations in the asymptotic regime. The necessary and sufficient conditions for a state being bound state was presented in Refs. [18, 20] . Their result shows that a state is a bound state if and only if it cannot contain any rank-one submatrix. From the result presented in Theorem 1, we obtain a similar result when only one-copy of the state is supplied:
Corollary 1. We can distill an arbitrary pure coherent state from a mixed state ρ via stochastic strictly incoherent operations if and only if ρ contains at least one rank-2 pure coherent state subspace.
Finally, we present the necessary and sufficient conditions for the existence of a catalyst that can increase the maximal transformation probability.
To present the necessary and sufficient conditions for P max (ρ ⊗ c → ϕ ⊗ c) > P max (ρ → ϕ), we need the following lemma, which was presented in Refs. [30, 33] . Lemma 1.-Let p and q be two d-dimensional probability distributions arranged in nonincreasing order. Then, there exists a probability distribution c such that P max (p ⊗ c → p ⊗ c) > P max (p → q) if and only if there are P max (p → q) < min{ p d q d , 1}. With the Lemma 1and Theorems 1, and 2, we immediately obtain the following theorem which provides the necessary and sufficient conditions for the enhancement of P max (ρ → ϕ):
Theorem 3.-Suppose the states corresponding to maximally dimensional pure subspaces of ρ are ψ µ and, without loss of generality, |ψ µ = n 1 i=1 ψ µ i |i with |ψ µ 1 | ≥ |ψ µ 2 | ≥ · · · ≥ |ψ µ n 1 | > 0 for all µ and |ϕ = n 2 i=1 ϕ i |i with |ϕ 1 | ≥ |ϕ 2 | ≥ · · · ≥ |ϕ n 2 | > 0, respectively. Then P max (ρ ⊗ c → ϕ ⊗ c) > P max (ρ → ϕ) if and only if there exist at least one ψ µ such that
where n = max{n 1 , n 2 }. In particular, we consider the catalystassisted deterministic coherence transformation. For a given initial state ρ and a target state ϕ, we say that the transformation from ρ into ϕ can be catalyzed if there exists some catalyst c such that
with P max (ρ → ϕ) < 1. To present the necessary and sufficient conditions for the catalytic coherence transformations between the initial state ρ and the target state ϕ, we need the following lemma, which was presented in Refs. [31] [32] [33] .
Lemma 2.-Let p and q be two d-dimensional probability distributions arranged in nonincreasing order with p having nonzero elements. Then, there exists a probability distribution
With the Lemma 2, Theorems 1, and 2, we immediately obtain the following theorem which provides the necessary and sufficient conditions for the deterministically catalytic coherence transformations between the initial state ρ and the target state ϕ. 
for all µ. Here, for the pure states |ψ µ = n i=1 ψ µ i |i , − −− → ∆ψ µ are defined as (|ψ µ 1 | 2 , |ψ µ 2 | 2 , · · · , |ψ µ n | 2 ).
IV. CONCLUSIONS AND REMARKS
To summarize, we have considered the problem of catalystassisted probabilistic coherence distillation for mixed states under strictly incoherent operations. Our main findings are presented as three theorems. Theorem 1 presents the necessary and sufficient conditions for distilling a target pure coherent state from an initial mixed state via stochastic strictly incoherent operations. Theorem 2 presents the maximal probability of obtaining the target pure state from the initial state. With the help of these results, we have presented the necessary and sufficient conditions for the existence of a catalyst that can increase the maximal transformation probability in Theorem 5. In passing, there are many open problems to which Theorem 5 may be of relevance. It would be of great interest to determine the maximally achievable transformation probability by the presence of any catalyst state, which is left as an open issue for further investigation.
